A representation theorem for Dirichlet series with coefficients constant on
forms — Peter Braun (Draft)

The uniqueness of factorisation of natural numbers allows for the definition of number forms
through equivalent classes of numbers having essentially the same form. Thus [p] is the class
defining the prime form, [pq] the class of products of two distinct prime numbers, and so on.

Let N = (p1)21(p2)22....(pn)*n Where the p; are distinct primes and a1< az....<an.

Let o(N) = Y a;

We order forms using index minimisation.

Firstly, [N] < [M] if o(N) < o(M).

Next we order the forms [N] which satisfy v(IN) = K. We say such forms have index K.

In [N] = [(p1)21(p2)22....(pn)2n ] with a1 < az...<anwe call [(p1)a] , [(p2)22] , ....[(Pn)2n] the
ordered components of the form and aj, a», ... , an the indices of the component forms. The
components are counted from left to right.

Now suppose we have v(N) =o(M) = K, with N# M. Let N = (p1)a1(p2)22....(Pn)% and
M = (quP1(q2)2....(Qm)Pm where a1< a>...<anand b1< ba....<bn.

Let T be the smallest number such that ar # br. We easily see that such a T exists and T<n and
T<m.

Indeed, without loss of generality, suppose a1 =bi, a>=b, ... ar = br where T =nand m > n.
Then bi+bo+ ...br = Kand bi+ba+ ... +b+1) > K contradicting o(M) = K.
We now define the ordering by [N] > [M] if a+1) > br+1y and [M] > [N] if ar+1) < ber+).

Building forms of index K in line with the ordering defined above starts with the product of
K primes defining the smallest form. Then moving from left to right in the component
construction we place in the form component with the lowest possible index greater than or
equal to unity which allows a form of index K to be constructed. And this method applies
until the form is constructed.

For example

[parst] < [pqrt’] < [pqre] < [pq?] < [p*q’] < [p°].

We note properties of Dirichlet series whose coefficients are constant on forms.
Proposition 1

Let f(s) = ) a(n)/ns, g(s) = ) b(n)/ns where the coefficients are constant on forms and let y be
any complex number.

Then Dirichlet series f(s) +y g(s), f(s)g(s) each have coefficients which are constant on forms.
Proof

Only the product result requires comment.

Let h(s) =£(s)g(s) = > c(n)/ns.

Then c(n) =) a(n/g)b(g) where summation is over the divisors of n.



Now if n, n” have the same form then there is a 1-1 correspondence between
n/gandn’/g where g and g’ have the same form.

Since n/g and n’/g" have the same form we see c¢(n) = c(n’).

We have discussed the ordering of forms:-

[p] [pal, P2 [parl [pa?], [p°], [pars], [par?], [pq?] [p2q?], [p?] - -
Let D1, Do, D3, .. denote [p], [pql, [p?] --- -

Further, let f; (s) =) c(n)/ns wheren € Dy

This fi(s) notation will be used through the discussion.

We then have: -

Corollary 1

Givena; (1<i<N)andbj(1<j<M) there exists cx and K ((1 <k <K) such that
Yaii(s) Ybifls) = Yeufils)

Indeed, the coefficients of fi(s)fj(s) are constant on forms and only a finite number of forms
are in the product.

Clearly, if the ajand b; are rational then the ck are rational.

For natural numbers n =1 and 6 > 1, let pa(s) = ) 1/prs where summation is over all prime
numbers and s may be considered a complex variable with o> 1.

Let G be the semi-group generated by {pi(s), p2(s), ...} using multiplication of Dirichlet
series.

The typical term is 6(s) = pi(s)*1P2(5)22. .. pn(s)*n With a; = 0. We now define an ordering on the
elements of G in a way not altogether different from the ordering on number forms.

We define v(0(s)) = )jajas the index of the element 0(s) and if v(0(s)) < v(¢(s)) we define
0(s) < @(s)-
We next define the ordering on elements with constant index K.

Suppose 0(s) = p1(s)21p2(s)22...pn(S)*n and @(s)= p1(s)b1p2(S)P2...pPm(S)Pm , Wwhere each series has
index K.

Note a; 20 and b; > 0.
Suppose without loss of generality that a; and by are non-zero.

If a1 < b1 we define ¢(s) < 0(s). If a1 = b1 we cancel the term and consider the two derived
series. Each series is a non- trivial function of s and we may compare a2 and b

01(s) = p2(s)22...pn(s)2n and @1(s)= p2(s)P2...pm(s)’m and follow the ordering rule described in
the last stage.

Continuing with this method we must arrive at a first point where the leading series pu(s)
derived from 0(s) and the leading series p(s) derived from ¢(s) are different.



If u < v we define 0(s) < @(s).

This ordering may also be defined in terms of the minimum index idea discussed in the
context of number forms.

In considering 0(s) for which v(6(s)) = K we define the product pi(s)pi(s) .....pi(s) of these K
terms as the smallest element.

At each later stage we form a product from left to right putting in the pa(s) with the smallest
a for which it is possible to construct a new form product 6(s) with o(0(s)) = K. And this
applies for each term until the full product is formed.

The notation we use for these ordered products is 01(s), 02(s), ....

With K = 8 we have the ordering and correspondence:-

P1(s)p1(s)p1(s)pa(s)p(s)pa(s)pa(s)pa(s) < [419293949596q7qs]
P1(s)P1(s)p1(s)p1(s)pa(s)Pa(s)pa(s) < [419293949596q7]
P1(s)P1(s)P1(s)P1(s)P1(s)p3(s) < [419293949596’]
P1(s)P1(s)P1(s)pa(s)p2(s)p2(s) < [4192939495°q¢?]
pi(s)pi(s)pi(s)pi(s)pa(s) < [419293G4q5*]
pi(s)pi(s)pi(s)p2(s)ps(s) < [419293942G5°]
pi(s)pi(s)pi(s)ps(s) < [q1929394°]
P1(s)p1(s)p2(s)p2(s)p2(s) < [q192952q42q5?]
P1(s)p1(s)p2(s)pa(s) < [q192952q4*]
P1(s)p1(s)ps(s)ps(s) < [q19295°q4°]
pi(s)pi(s)pe(s) < [q192q5°]
P1(s)p2(s)p2(s)ps(s) < [q1922q3%q+7]
p1(s)p2(s)ps(s) < [q1922q5°]
P1(s)pa(s)pa(s) < [q1q2°qs*]
p1(s)p7(s) < [qu(q2)’]
Pa(s)p2(s)pa(s)pa(s) < [qr°q*q5%q4?]
P2(s)pa(s)pa(s) < [q1%q22qs*]
pa(s)pa(s)ps(s) < [q1%q2°q5%]
P2(s)ps(s) < [qr2q2]
p3(s)ps(s) < [q°q]
pa(s)pa(s) < [qr*q’]

ps(s) < [qf]



This correspondence exists generally between the polynomials 6(s) for which v(6(s)) = K and
the number forms [n] for which v(N) = K.

For each pn(s) we substitute a new prime pr in the corresponding form.

In terms of earlier notation using 6;(s) and fj(s), these series would be

Or+1(s), Or+2(8)... Or+x(s) and fr+1(s), fr+1(s), ...fr+x(s).

We note 0r+1(s), Or+2(s)... O1+k(s) are Dirichlet series which are constant on forms.
It follows from corollary 1 that each 0;(s) is a linear combination of certain fi(s).

It is relatively easy to prove that the only fi(s) used to describe Or+1(s), Or+2(s)... Or1+k(s) are in
fact fT+1(S), fT+2(S), .. .fT+K(S).

Further the series Or+1(s) has fr+1(s) as a component but no other 0i(s) does, the series Or+2(s)
has fr+2(s) as a component but none of fr+3(s), ...fr+x(s) does, and so on.

We thus have a system of equations:

6T+1(S) = ai fT+1(S)+ an fT+2(S) + .. .+a1TfT+K(s)
6T+2(S) = ax fT+2(S) + ...+a2TfT+K(s)
Or+k(s) = arr fr+k(s)

where the diagonal coefficients are non-zero.

Inverting, we thus have the basic result
Theorem 1

Each fi(s) may be written uniquely as a linear combination of the 0j(s) over the rational
numbers.

We see for example:

21/p> =1pi(s)

21/ (pq)=1/2 {p1(s) - pa(s)}

21/ (par)> = 1/6{ pi(s)’ - 3p1(s)pa(s) + 2ps(s)}

Y1/ (pqrt)* = 1/24 {(pi(s)* - 6 pi(5)2pa(s) + Bpi(s)ps(s) +3p%(25) -6ps(s)} , .. where pi(s) =
21/pe.
These identities are not dependent on the p,q,r .. being prime numbers and we see below that

unit step functions like r1(X) may be used to generate “prime” sequences which then also
satisfy the identities.

It is interesting to note that formally a Dirichlet series f(s) whose coefficients are constant on
forms has a ‘formal’ representation

f(s) = vi(s)P(s) + va(s)P(s)2+ vs(s)P(s)3 + ...+

where each vi(s) is analytic for o > %2 and P(s) = pi(s).

Question1: Does f(s) convergent for o > %2 imply pi(s) is analytic for o > %4? (f(s) non-trivial)



Question2: Is there any work which studies the series W(s) = IT1(1-pi(s))*?



