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Introduction

The ‘uniqueness’ of factorisation of natural numbers as a product of prime powers
allows the notion of number form to be defined. That is, the essential prime structure
allows an equivalence relation to be defined.

For example, 3 is an instance of the form p where p is prime and the set of numbers
of this form we denote by [p].

[2.3] = [pq] where p and q are distinct primes and [4] = [p?] and so on.

Forms [pipa....p:] where p1, p2, pr represent the square free numbers for

r=1,2,3...

We note that a number K is represented by the progression an+b if and only if
K=bmod a.

Let (a,b) =1and aN+b ={an+b: ne N} where N denotes the natural numbers.
Proposition

For any fixed r, r 21, aN+b contains unbounded instances of numbers belonging to
the form [pipa2....p:].

Proof

The theorem is obvious in the case a = 1.

The hard work has been done in the proof of the theorem for prime numbers.
We consider the congruence -

X a2...ar = b mod a where a =(q1)®(q2)%...(qs)% and a....a; are any given
numbers co prime to a and b.

We know from the Chinese remainder theorem that there is a solution x = a; to this
congruence and (a, a1) = 1.

Then note that (a:+ 61a)(az2 + 02a)....(ar + 6:a) = b mod a =(q1)®( qz)%...(qs)% (for any
01, 02... Or..

Select values for these variables so that a1+ 6ia, a» + 6-a... a; + 0:a are distinct prime
numbers.

For these values we have (a:+ 01a)(az2 + 62a)....(ar + 6:a) =b mod a.

Hence the progression aN+b takes the value (a:+ 61a)(az + 62a)....(ar + 6:a) and this
number belongs to the form [pipz.... p:] where p1, pa.... pr are distinct primes.

It is clear that this process allows unbounded numbers from this form in the function
values of the progression.

In an earlier draft the author stated and proved erroneously that with (a,b) =1, aN+b
supports numbers of all forms.

It was pointed by D. Dona [1] that such a generalisation is false.

For example: 4N+3 cannot represent any elements of [n?] since n?=3 mod 4 is
impossible.

Dona’s defines forms [n] as Dirichlet forms if and only if all arithmetic progressions
aN+b with (a,b) =1 include unbounded numbers of the form.



He conjectured and proved that [pi121p2%....pn%n] is a Dirichlet form if and only if
(a,az ....an) = 1. We follow his approach for the sufficient part of this condition but
include a simplified proof for the necessity of the condition.

We note that if aN+b represents a form at all then it represents an unbounded
number of the form.

Indeed, aN+b = X iff X=a mod b.

The form [pi121p222....pn*n] is represented by aN+b iff there exist primes p1, p2,....,pn
such that p121p2®....pn°n = b mod a.

If we have p1aip2%....pn*°n = b mod a, then
(p1+61a)21(p2t B22).......... (pnt 6ha)2n = b mod a for arbitrary numbers 64, 0, ...., On.
We may choose unbounded collections 64, 0>, ..., 6, such that each of

(p1+61a), (p2t 02a),.......... ,(pnt Ona) is prime.

For these choices aN+b represents (p1+6ia)21(p2+ 62a)%.......... (pnt Ona)n.
Proof of Dona’s Theorem

Necessary

Suppose (ai,az, ...,an) =d with d > 1.

Let (d, ro) =1 and suppose d2No+ ro =ned  for any fixed form [ny].

Let no = god + ho . We note (d, ho) =1 and so hod is one of the ¢(d) numbers co-prime
tod.

Noting nod = (god + ho)d = Aod? + hed , the proof follows from the observation that at
most ¢(d) of d2N+di, d2N+do, ...... d2N +d @2 represent [n¢d] and ¢(d) < p(d?).
Sufficient

Let (a, b) =1 and suppose (a1, a2 ....an) =1.

Then there exists integers A1, A, ...., Aa such that Mai+ Aoax+ ... Adpan = 1.

Then (b M)21(b 22)2.....(b *,)2% = b mod a.

If an index A; is negative we may substitute A; + K¢(a) > 0 so we may assume without
loss of generality that A1, A2..., A\x are natural numbers.

Then there are natural numbers xi, x2, ..., Xa such that (x1)41(x2)%2 ...(Xn)a% = b mod a.

Since there is a solution there are an unbounded number of solutions.

References
D. Dona University of Turin - email correspondence.



