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Connections between the Riemann hypothesis (RH) and the distribution of ordered Farey fractions
have been discussed since the time of Landau and Franel. The basic results and some more recent
observations are included in Zulauf [3]. Additional developments and references are provided in
Kanemitsu and Yoshimoto [1].

The purpose of this note is to examine logical equivalences between the growth rate of the sum of
the Liouville function values of Farey fractions and the Riemann hypothesis. Thus the Farey
fractions are closely connected to the Riemann hypothesis (RH) both in terms of their distribution
on [0,1] and also in terms of their multiplicative structure as valued by Liouville’s function.

We abbreviate V € > 0: f(n) = O(nA+€) asn — ooto f(n) = O(nA+€) throughout.

a
Let Hy denote the set of Farey fractions of order N.i.e. Hy = {B 1<a<b<N(ab)= 1}.
a
and forn = 1leth, = {H 1<a<n(an)= 1}.

Let M(N) = z u(n) and S(N) = z A(n) where p denotes the Mobius function and

ns<N ns<N
A denotes Liouville’s function. We assume two quite well known equivalences to RH. Namely
1 1
RH= [M(N) =0 (NE“)] = [S(N) =0 (N?Le)],Edwards[Z],Titchmarsh [4].

ay Aa
We extend the definition of A to positive fractions using )\(H) = % and note this definition is

independent of the natural numbers a and n defining a particular fraction.

Leth(n) = Z A(q) and let H(N) = Z A(q). Clearly H(N) = Z h(n).

q€h, q€EHyN ns<N

Proposition:
1
RH= h(N) =0 (NE*G) = H(N) = O(N'*¢).

Proof:

We note



® HN= Y M(g) > ().
Indeed,

a N N
the terms contributing to A(q) = A (H) where (a,n) = 1 and n is fixed are M (E) forl<r< [H]

and these sum to unity for eachnwith1 <n < N.
Variations on formula (1) date to at least Landau and Franel (Edwards [2]).

Consequently,

N
(2) HIN) = Z M (;) A(n)S(n) ,and interpreting this in terms of Dirichlet series,

1=nsN

[ee)

3) nzlhr(::) = {((15)}2 Mnr)lf(n) (o0 > 2 where as usual s = 0 + it).

n=1

We see from (3) that h(n) = z u(g)r (g) S (g) and consequently |h(n)| < d(n) m|ax |S (g)| ,
gn
gln

where d(n) denotes the number of divisors of number. Using d(n) = 0(n®) and,
1
assuming RH, the well known estimate S(n) = O(nz"®), we have
1
lh(n)| = O(nz**).

1
Conversely, assuming h(n) = 0 <n§+€) and using the Mobius inversion formula and (3)

1
we have A(n)S(n) = Z h(g) and consequently S(n) = O(nz*®) and so RH is true.
gln

We now show RH = H(N) = O(N®*¢).

From the two ways of expressing the coefficient sum in a product of Dirichlet series, from (2) we
also have

o 1013 s (13 wolt]

ns<N nsN

1
If RH is true we have the well known estimate S(N) = O (NE+€) , Edwards [2] and hence,



H(N) = O(N*¢).

Conversely, suppose H(N) = O(N**¢). From (3) for 0 > 2,
- h S A(M)S

) os) Z I(llsl) _ Z (nr)ls(n).
n=1 n=1

N
Then since Z H (H) = O(N'*€), the product of the two series on the LHS of (5) is convergent as

ns<N

1 1
a Dirichlet series for o > 1, and hence z A(n)S(n) = ESZ(N) +§ N = O(N'*¢).

ns<N

1
Then S(N) = O (N5+e) and consequently {(2s)/(s) is analytic for c > 1/2. Then RH is true.

Notes:
1
H(N) = O(N'*¢) is a stronger than h(N) = 0 (NEJ’G) yet both are equivalent to RH.
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